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Introduction

A Gauss sums are prevalent in % .
descriptions of various physical P
systems including optics and
guantum mechanics.

A Can be used to factor large
numbers, an important task for
cryptography etc.

A Full vs. Truncated: Lower numbe

of terms In sum better for
experiments, but ghost factors

Intensity

Beam

appeat. i _—
A Want to know how ghost factors “osf &«
scale with number of summation . .~ ™ x

terms, to find min terms necessa |



Factoring with Gauss Sums

Complete Gauss Sum: Total # of Terms to Sum:
N N
ATV () = Zeza.p(“r:un‘_ ) Y = F{J——HW;-
E f=1 =
(1= [VN] 4 919 5. 914
1F% ™ 2
.
Example: = s
N =9624687 —
| i
=

1500 _ 30040



Factoring with Gauss Sums

Total # of Terms to Sum:

ALHIJ{P’}_ _'ﬁ"nr ZJ‘{:J’I\E
—U—l Zexp 2mim i1

m =0

Truncated Gauss Sum:;

Ghosts!
l:1— |VN] 3 019 3919

LF¥ - \\\r\\: T

Example:

N =9024 687
M= |InN| =16
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Classification of Trial Factors

1) Actual factorg; constant value of 1 for all M

2) Nonfactors that decay quickly with higher M

4) Threshold norfactors that do not decay with larger M

N =9624657=3-919- 3491

2N
¢
Lo { =919 1) Even integer
2) Close to odd
1| o, £ =12 in r
ﬁ -i"-i LR L I S IR R R E Y R SRR PR R R R R R R R R E R EE R R RN RN NE ] tege
/
: 4) Midpoint
L ;""H_ f=14 between even
\/ \fr'ﬁ M'\V..aw-'uh“,-ﬂ.iw
20 40

and odd integer
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New Form for Gauss Sum

A Since 2N/I determines the class of trial factors,
useful to rewrite the Gauss sum

2N D Define normalized curlicue function:
T g ¥

s1(T) = Iy Zexp (im m~1)

n=>0

Fractional part:
2N

p(N,l):T—Qk’:

p(N, l) = [_17 1]

T € [—1,1]

SIS

Can now write Gauss sum as:

A0y =531 (p(V, £))

p(N,l) =0 corresponds to factors, close to 0, to ghost facto

x| is even about tau because{—7) = 53,(T)



New Form of Gauss Sum

0 05 N =550 = 13- 43
1 \/\I - ] 1
= fm'. .T |'| f/\ ) D
It [ | I | .
0.5 | t TI' I'l #'. * . .5 =
| T | +I III 'III L .
.\ +I. II!-; |U$ |II / . l'l .
| IJ 1‘
a ,f'G 20
- T ) *
1n_,' . . N o 550 — 13 % 43
“. M =2
: ® - 2N P
* v N,l — = 2k . I
5 . ‘ ALY %
_ | . AGY(0) =531 (p(NV, £))
. . L J . .
-1 -3 [ (h.a 1
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New Form of Gauss Sum
AV (0) =53 (p(N, £)) A ” J

For large M:

1
sy(T)| < —,for 7 £ 0
(DI S Jpfor 0 N

Define:m of Nis{l : |sp (p(N, )] € (1/v2,1)}

9



Factors

Mormalized Curlicue Function

“| Threshold Values

10
0.5

15 0.5



Truncation Parameter

A Need to determine truncation parametewr, that
will suppress all ghost factors below threshold

A Since ghost factors occur for very small values of
we can replace summation with an approximate
Integral M Note

U

]

oy Z exp (i m*7)

n=>0

SulT) =

Substitute:
H=otm §p(T) A2 : [du exp {i*rm]r} T(Mvzr)
. 111" iy — J =
= ' M My/21
du = V21dm ) 2

. o
Fresnel integralf” (x) = [du exp (1 _—H-)
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My

Truncation Parameter

1.0}

T =107

Black: Discrete
Red: Fresnel Int Approx
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Truncation Parameter

| F{a)]
o

a(E) = Mov2T.

a (&) sol of

{ 1s varied within the interval [1, +/ V]

2N

=

AV (0) =53 (p(N, £))

L
vl

1 [ , .
Sty — | duexplimmt) =
M M p{ }
i

F(M~21)

M2t

C]

Minimum value at largest |:

i (IN) ~
P T~
(&) (&)
M, ~ § ~ 26 YN
v 2Pmin(N) 2

Natural threshold:

§=1/v2

a(£)~1.318 (numeric)

My =~ 0.659 N

Scaling unchanged by
threshold valué only
pre-factor changes!




Ghost Factor Counting
A Have foundsufficientcondition to suppress ghosts
A Now, want to findnecessargondition

Ghost factor counting function:
1

2

g(N, M) =H# II =1,..., v N]with < I.x'-l};?‘r]{f}l < 1

12':' T T T T T T T T T
M =10 .
100+ ¥ ; R
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Ghost Factor Counting

Ghost factors occur in region of[s:7y, 7]
‘:EL

From Fresnel:  @(§) = Mov/2r. BEE) To=T0(M) ~ ——

@2

Total width of s with values larger thaiiv2 27 ~ 77

Now want to relate g(N.M) to width via
distribution of 7 for a given N

2 Cases: Uniform Distribution
Non-uniform Distribution



Ghost Factor Counting

Uniform Distribution

Rememberr € [—1, 1]

So # of ghosts g(N, M) 21

directly proportional ~

to width: VN s

¥ = )
—_ Ty o . AN 1 3 T 7
Tp = To(M) Ve ‘ gf."ﬁf. M) == 3 {_I’?_J'} ﬁ
Inverse

Example: M =In N: Qe Ay

g(N,InN)~ 1 (&) VN
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ok | distribution! .

N,In}N)

— 200

Sy

Ghost Factor Counting

Non-uniform

UES

10,000 random
numbers from

1, 2x10"]

M=InN



Ghost Factor Counting

Non-uniform Distribution

Happens when N has few divisors, but nearby number N+k has nr
k| << N

Example: N = 13064029441 = 21647 x 603 503

’ PN=N L2330 x Il x 17 x 2313
/

Let us consider £ which 1s a divisor of N = N + & but not of NV

2N
p(NaD:T—Qk’:g
q

2N’ 2k 2k
— 9| — o

if ¢ >2% — p(N,I')= [ l, I 7

_/

:"I\"T = :'N'IT! _I_ A.l



Ghost Factor Counting

Non-uniform Distribution

| O data points (factors of NO

2k
w(7)
LY II: &

Tends to O for | arge | 06, so

(A
L

“1} —

AV () =531 (p(N, £)) sp(0) = 1



= m(G)

N = 13335840 =2 -3%.5- 77
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Optimality of 4" root Law

Remember for uniform o(N, M)~ L {_}2 JN

distribution we have:

1000

A

e N = 13335840
e N = 13335839
o N =13335769
= estimation

* g
-
.....
| ]
iy
™

a~_  Nonuniform: ¢,

. L
Uniform: ﬁ .e
a & -
Faster than uniform- . snanane

*a l'fl.lmm‘
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Optimality of 4" root Law

ldea! Since g(N.M) decays fast at first, why not allow K ghosts:

g(N, M)~ L (&) VN =K

@ g

V2K
Only used uniform distribution, nemniform cases, Mk
may even be larger!

JlfK ~ _._':I\'r

Compare with: 3~ —25) “©) vy
V' 2Pmin(N) 2

So, even if we tolerate K ghosts, we cannot do better then
av'N scaling for required M

So, 4" root scaling is both sufficient and necessary!



Results

To eliminate all ghost 4/
factors for ANY N, need: Mo Al

N ar S N3/4
Number of terms to sum: Z M=MvVN ~N
=1

Full Gauss sum requires N terms, so we save a bit

| For some N, need | ess M

Are ghost factors really t



Results: Friendly Ghost Factors

m » We now know that ghost factors are actually
real factors of a nearby number N + k

May be possible to exploit this fact to factor numbers more efficientl

M=17 not good to
suppress ghosts, but
we can fit them to
curves of factors of
different N-primes

Can possibly come up
with new scheme
taking advantage of

t hi sé( ?)



