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Background

A The Nonlinear Schrodinger Equation is used when
studying such topics as Bose Einstein Condensates
and Nonlinear Laser propagation through a crystal
lattice.

A In either topic, one interesting solution to the two-
dimensional NLS is that of vortex rings of different
A c h ar Jghlesesolutions are stationary (not counting
the complex phase rotation), but typically unstable.

A To study the stability properties of such solutions, (MS
next semester), we must find one to start with!
However since (as far as we know) there IS no
analytical solution, finding one of these solutions can be
tricky, and requires numerical optimization methods.




Problem Formulation
To set up the problem, we start with the focusing 2D NLS:
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The natural coordinate system for this problem is polar, in which case:
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To get a steady state vortex, we assume a separable solution of the form:

U(r,0,0) = [ () e R

Where m is the vortex charge. Plugging this into the original equation,
we get the following ODE:
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Problem Formulation

Discretization

To solve this numerically, we first discretize the problem as follows:
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Then, at each r point, we have f; = f(r;) and
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We can view this discrete ODE as a function of f such that: F( ) —
Where fE R F e R and Fi(f)=0

This leads us to a set of n coupled algebraic nonlinear equations In
which we want to find a vector f which will satisfy the equations.

Obviously f = 0 is a solution, but a boring one. What we want
IS a soliton-looking profile to use to create the steady state vortex.




Problem Formulation

Boundary Conditions

Thereds one |1 ttle 1 ssue to
condi tions. Luckily, 1 n thi

For any vortex solution with charge > O, the function f, at the
point r = O is by definition O.

At r = rmax, It IS noted that any vortex solution will decay and
gotoOasr-> D. So, 1 f 1t 1 s assur
decay 0 e n eayigchnobe approximated as 0 (guess
and check).

Therefore, the numerical optimizer is only run on the ri -> rmax-
1) points, and the boundary conditions are explicitly inserted
Into the finite difference scheme, and added to the solution
afterward.




Problem Formulation n-=2
Initial Conditions () =10.2

There are different ways to choose the initial guess to input into the numerical optimizers.
The following are the four initial conditions to be used in this project:

Initial Condition: Sech Guess
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Initial Condition: Exponential Guess
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Initial Condition: VWacko Guess




Problem Formulation

Solutions
Since we have no explicit solution, how do we know what we get is right?!
A Asimpleo way is to plug the solution i
if it Is indeed a steady state solution.
Al s o, It I s a good i dea to use someone e

It to compare to the new results.
So, using a code called Smarquart.m written by Hans Bruun Nielsen which is a
nonlinear least squares solver (here, n=m) we get for initial condition #2:

Max f value: 0.77729
Center of Mass: 6.703
Total Mass: 2.1191




