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Introduction

Cubic-Quintic Nonlinear Schrodinger Equation and Vortices

A Cubic-Quintic Nonlinear Schrodinger Equation (CQNLS)
A Vortex solutions: Rotated phase with different topological
charges (m)

A Applications: Light propagation through nonlinear
optical media i Data compression/cryptography




Introduction

Azimuthal Modulational Instability

Azimuthal Modulational Instability (AMI) is exponential
growth of azimuthal modular perturbations:

A vortex in the COQNLS can become azimuthally stable
depending on the complex frequency and charge
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Steady State Vortex Solutions — Analytic Approximate Profiles

Two-Dimensional Cubic-Quintic Nonlinear Schrodinger Equation and Vortex Solutions

Non-dimensionalized W, + VWU + |\If|2\If — |\If|4\11 — 0
CONLS:

1 0 owv 1 0?0
Polar Laplacian: ViU = ( )
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General Steady State Vortex Solution: \If(r7 (9) t) — f(T’) ei(me

Two parameters define vortex — Charge Complex Frequency

Steady State Vortex Profile: f (7“) c R

Goal: Find approximate analytical
formulation for f(r)




Steady State Vortex Solutions — Analytic Approximate Profiles

Asymptotic Vortex Profile
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Inserting vortex solution into m” li ﬁ o,
CQNLS yields ODE: <Q T3 ) flr) + <Tdr L (r)e °(AR=0

Assume: r=r.>1

2 x d’ 3 5
And define: O* = Q + >—Qf(7")+d—7£+f(7“)—f(r):0
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New ODE has explicit solution!

_— 40"

N + /1 — (16/3)Q* cosh (2\/W(T ™ Tc))

0=005
Q=01
Q=015
Q=018 .
0=01874 Need tO f|nd TC
£=0.1874999 | 7
Q=01875

-10 -8 -6 -4 -2 0 2 4 6 8 10
b



Steady-State Vortex Solutions — Analytic Approximate Profiles

Variational Approach

Lagrangian density of - a2 1 1
CONLS with inserted L(r,0) ="— (Q + ﬁ) f2("“) i) (d_];) ™ §f4(7") = §f6(7")
vortex solution:

_ . 27 00 1 1
Lagrangian: j — / / L(r,0)drdf = 2w (QCl L O TN C g 504 1 §C5)
o Jo

Radi al
constants:

Use asymptotic profile 2 (7“) B, A0)*
for ansatz: va e \/1 ] (16/3)9* cosh (2‘ /()* (T‘ i ’rc))
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Steady State Vortex Solutions — Analytic Approximate Profiles

Variational Approach Cont.
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Solving Euler-Lagrangian
Equations:
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Yields our VA ansatz:

L 1+ +/1—(16/3)Q* cosh (ZVW(T N TC))
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Steady State Vortex Solutions — Analytic Approximate Profiles

Existence Bounds

1D profile has existence Q* € 1[0,0.1875]
bound: 3

For 2D profile, numerically () € [0,~ 0.180]
thought to be:

However, from VA we see that: 2° — 0.1875 T — o0
G(Q)=Q— Q" /2+3/32 — 0.1875

Implying that: () < [O7 0_1875] (Existence bound proven in
subsequent publication.)

Relationship extremely sensitive!

OF 2= G
0.1874 0.1664
0.187499 0.1736
0.187499999 0.1733
0.187499999999 0.1306
0.1874999999999999 |  0.1823
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Numerically-Exact
Profiles




Steady-State Vortex Solutions — Numerically-Exact Profiles
Numerical Nonlinear Optimization

Take profile ODE and discretize:

S0 F * d il ]
P = = (04 5 ) i (g AP — o =) o - =

profile vector:

Progress merit ] ( _’) 2 Z (F5( _3)2

function:
=1

Iterate initial f];+1 — JF,I; i Oékﬁk
n

Find step size through inexact linesearch using
backtracking with Wolfe condition:

s (fe + arpr) < M(f) + 10V M py
o C1 € (O; 1)
Stopping Criteria: Step Direction:
< r T —1 1T ¢

o, | ~8
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Steady-State Vortex Solutions — Numerically-Exact Profiles
Numerical Profile Results
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Steady-State Vortex Solutions — Numerically-Exact Profiles
Comparison between numerical and VA profiles
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Azimuthal Modulational
Stability Theory




Azimuthal Modulational Stability — Analytic Theory

Azimuthal Equation of Motion

Lagrangian density of CQNLS:
i . 1 1 1
L= 5 (VO — 0, + |0, ° + p|‘I’9|2 r §|‘I"4 oy 5\‘146

Insert separable solution: \Il(r)@)t) — f(r)A(Q,t)
Integrate e ) VAT A il A L
Radial £ £14%6) 5 CURANAAA(T UM G142 S EHAR IOl AP
Dimension:
Now have quasi-one-dimensional Lagrangian:

2
T / Lo dO,
0

Azimuthal equation of motion is derived using functional derivative:
0S 0 0L1p 0 0Lip OLip

s E ~ 0
SA*  0tO[AT  060[A]  0A*

Azimuthal equation of motion after some rescalings:
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Azimuthal Modulational Stability — Analytic Theory

Stability Analysis

Perturb azimuthal part of vortex solution with time-dependant complex perturbation:
] : /
A(6,t) = (1 +u(h,t) +iv(8, 1)) motd) ul, [v] < 1
Insert into azimuthal equation of motion and separate real and imaginary parts:

up = —vgg + |h.o.t]
20, — 4C
Vs = Upp + ( ! 5) U + [hOt]

Cs

Expand in Fourier series to get equation of motion of amplitudes for azimuthal modes
1 . 24 |
u(,t) = o WK, 5™ G(K,t) = / u(6,t) e’ do
0

K=—o

After linearizing, resulting ODE becomes:

by _ 0 K2 | - -
d u

—4
dt (204 Cs = K2> 0

>

S

(=

C
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Eigenvalues (with rescalings added back in) give us growth rates of azimuthal modes:

where the critical mode (above which all modes are stable) is:

The mode of maximum growth and its growth rate:

To have an azimuthally stable vortex we need one of the following conditions:
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