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Project Summary
Being the normal form for nonlinear propagation of envelope waves, the nonlinear Schrödinger
equation (NLSE) is an ubiquitous equation with diverse applications including light propagation
through nonlinear optical media and mean-field dynamics in Bose-Einstein condensates.
One of the most interesting family of solutions to the NLSE are those which exhibit topological
charge. In two dimensions, these coherent structures correspond to vortices while, in the more
challenging three-dimensional case, they correspond to vortex rings.
Vortex rings are ring-shaped structures which, due to their vorticity, form a toroidal area whose
center ring has zero-density, with increasing density away from the center which converges to a
constant-density background.
We propose to study the dynamics and interactions of vortex rings in the NLSE. The study
will focus on multi-vortex ring interactions. Due to the inherent lack of a close form solution
for vortex rings and the dimensionality where they live, efficient numerical methods to integrate
the underlying equations have to be developed in order to perform extensive studies of collision
scenarios.
To facilitate this, compact high order numerical schemes are developed including new semicompact boundary conditions. Implementation of the codes is performed on NVIDIA graphic
processing unit (GPU) parallel architectures. The codes running on the GPU are many times faster
than their serial counterparts, and are much cheaper to run than on standard parallel clusters using
programming techniques such as MPI and OpenMP. The codes are developed with future usability
in mind, and therefore are written to interface with MATLAB utilizing custom GPU-enabled C
codes with a MEX-compiler interface. Reproducibility is achieved by freely providing distributable
code packages including user manuals and set-up files.
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Results from Prior Support

This proposal is closely related to previous work done on bright vortex structures in systems governed by various forms of the nonlinear Schrödinger equation (NLSE), and contains a natural
progression of computational tools developed therein. The previous work was performed with support from the Computational Science Research Center (CSRC) at San Diego State University, as
well as NSF grant NSF-DMS-0806762. The results of those studies have lead to two publications,
as well as numerous research presentations at professional and academic conferences, symposiums
and colloquiums. The studies can be summarized as follows:
a) Modulational Instability of Vortices in the NLSE: Bright vortices in the NLSE are
modulationally unstable in the azimuthal direction. We studied the rate of growth and number
of filaments in the break up of the vortices. Our goal was to provide information relevant to
experimenters pertaining to the lifespan of the vortices. Our theoretical results matched closely with
numerical simulations. In the process of the study, an extremely accurate, yet simple, approximate
analytical radial profile was formulated through a variational approach which can be used to describe
the structure of vortices of arbitrary charge. Fig. 1 shows an example of azimuthal instability, as
well as some of the asymptotic profiles and growth rate results. The work resulted in the publication
of Ref. [1].
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Figure 1: From left to right: a) Example of modulational instability of a vortex in the azimuthal
direction. b) Bright vortex profiles for charges 1−7 using the approximate analytical profile (dashed
lines) and comparison to the numerically-exact profiles (solid lines). c) Theoretical growth rates
for unstable azimuthal modes and comparison to direct simulations.
b) Stability and Scattering of Vortices in the Cubic-Quintic NLSE: Unlike the bright
vortices in the NLSE, when realized in the cubic-quintic NLSE, such vortices can be stable. We
studied the stability bounds in terms of a critical frequency, and compared our theoretical results
with those done by other researchers as well as our own simulations. We also studied the growth
rates and number of break-up filaments in the vortices above the critical stability frequency. Our
results matched simulations well and, as in the NLSE case, we developed an extremely accurate
analytical approximation to the vortex profiles. In addition, we confirmed the existence bounds (in
terms of frequency) of the vortices and, through variable-precision numerical computations, were
first to create vortex profiles for high frequencies very near the existence bound. The study was
then extended to include dynamics of collisions of stable vortices, and their scattering. Fig. 1 shows
examples of high-frequency vortex profiles, growth rate results of unstable vortices, an illustration
of the stability threshold of a vortex, and an example of vortices in collision. The project resulted
in the submission of Ref. [4].
c) Simulating the one-dimensional NLSE using NVIDIA GPUs with MATLAB and
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Figure 2: From left to right: a) Numerically-exact bright cubic-quintic unitary charge vortex profiles
near the critical existence frequency. b) Theoretical growth rates for unstable azimuthal modes and
comparison to direct simulations. c) Example of the stability of a unitary charge vortex above the
critical frequency. d) Example of stable charge 2 and charge 1 vortices undergoing a near-elastic
collision.
CUDA: A new advancement in parallel computation is the use of graphical processing units (GPUs)
for computational problems. As a project for a seminar in the CSRC, we developed an integration code using NVIDIA’s compute unified device architecture (CUDA) application programming
interface (API) to simulate the one-dimensional NLSE. For ease of use, the codes were written
to interface with MATLAB. Using a GPU card with a price of approximately $200, we achieved
speedups of over sixty times (for large-grid problems) when compared to an equivalent serial code.
The study opened new ground in the possibilities of efficient and inexpensive simulations of the
NLSE.
The results above have given us much insight into vortex solutions to the NLSE, as well as
expanded and refined many computational challenges in the numeric study of such systems. Many
of the methodologies, knowledge, and code production developed in these studies will be directly
relevant and essential in the proposed project.

2

Background

The NLSE is a universal model describing the evolution and propagation of complex filed envelopes
in nonlinear dispersive media. As such, it is used to describe many physical systems including
the evolution of water waves, nonlinear optics, thermodynamic pulses, nonlinear waves in fluid
dynamics, and waves in semiconductors [12].
One of the most relevant applications with regards to this proposal is the simulation of the
dynamics of Bose-Einstein condensates (BECs) of dilute gases [18]. BECs are a state of matter
where a collection of bosons, whose de-Broglie wavelengths become comparable to their mean
separation distance, undergo a phase transition so that a significant fraction of the bosons find
themselves in the same quantum state. In such a case, the collection of bosons behave as one large
near-macroscopic coherent particle. In the case of dilute gases, a BEC is formed by cooling the gas
to extremely low temperatures (on the order of 10−7 K) which lowers the momentum of each atom,
causing their de-Broglie wavelength to increase. In such a BEC, the gas cloud behaves as one very
large, near-macroscopic atom which can be described by a mean-field approximation (where only
two-body collisions are considered, and such collisions are considered to be felt only locally) by the
NLSE with appropriate parameters. BECs have also been realized in other bosonic systems such
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as magnons in ferromagnetic magnets [13], polaritons in semiconductors [14], and recently, photons
within an optical cavity [15].
The atoms in a BEC of a dilute gas can either be attracted to each other in near-collisions,
or be repelled. Since in most situations, attractive BECs are unstable and collapse into what is
known as a ‘Bosenova’ [16, 17], most experiments use repulsive atoms, in which case the BEC must
be confined by an external trap which is typically realized by magnetic and optical potentials. In
such situations, the mean-field dynamics of the BEC can be described using the Gross-Pitaevskii
equation which is a NLSE with the added external potential term.
The advisor of the proposed project is currently involved in numerous studies of the dynamics
of BECs, and has many publications (including a book) [1]–[11] describing the dynamics of topologically interesting nonlinear wave phenomena. Several other key collaborators are studying similar
dynamics in the NLSE, but focused on nonlinear optical applications [19].
While most research done using the NLSE is in the specific application being studied such as
those mentioned above, the approach used in our previous studies and proposed in this project is
to first study the relevant dynamics and structures in the simplified case of a general form of the
NLSE. This allows the results and codes developed from this study to be directly relevant to a
much wider group of researchers, thus increasing its impact. The form of the NLSE we use in the
proposed study is
iΨt + a ∇2 Ψ + V (r) Ψ + s |Ψ|2 Ψ = 0,
(1)
where Ψ is the wavefunction, a and s are arbitrary parameters, and V (r) is the external potential function. The parameter s represents the local nonlinear interaction response and its sign
determines if the NLSE is attractive (s > 0) or repulsive (s < 0). The modulus-squared of the
wavefunction, |Ψ|2 , represents the observable which, in the case of BECs, is the boson density, while
in nonlinear optic settings, is the intensity of the light. In most of the project, we will assume that
there is an infinite constant-density background, and thus the external potential term is set to zero
(although it is included in the developed codes). This raises the potential for obtaining analytical
results, and allows for simplified dynamics to be studied as interactions with the external potential
are ignored. The knowledge gathered can then be extended into specific applications or more complicated modifications of the NLSE. As an example, our previous work on modulational instability
of vortices in the cubic NLSE laid the framework to be able to study the more complicated stability
and dynamics of vortices in the cubic-quintic NLSE which has closer direct relevance to application
(in this case, nonlinear optics).
One of the most interesting family of solutions to the NLSE are those which exhibit topological charge. In two dimensions, these coherent structures correspond to vortices while, in threedimensions, they can correspond to vortex rings. Vortex rings are ring-shaped structures which, due
to their vorticity, form a toroidal area whose center ring has zero-density, with increasing density
away from the center which converges to a constant-density background. They have an intrinsic
transverse velocity due to their vorticity [21], which can be overcome by considering the vortex
rings in a co-moving reference frame, or by counteracting the velocity by a trapping potential [33].
Vortices have been observed in many experiments in quantum systems including BECs and
nonlinear optics (see Ref. [20] for an extensive list of studies). Vortex rings have been seen experimentally in super-fluid helium [22] as well as in the context of BECs in the decay of dark solitons
in two-component BECs [23] as well as direct density engineering [24, 25, 26]. Numerical studies of
experimentally obtainable vortex-ring generation in BECs have also been explored in the context
of collisions of multiple BECs [8, 9], flows past an obstacle [6], collapse of bubbles [27], evolution
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of rarefaction two-dimensional pulses [28], flow past an ion [29], and dragging of an object through
a BEC [30].
The structure and energy of a single vortex ring in the NLSE has been studied analytically
[21, 31] with focus on the structure, energy and transverse velocity. The velocity results have been
numerically verified in more recent studies [40] although the details of the comparisons were not
shown.
Numerical studies directly focused on the structure and stability of vortex rings in trapped
BECs have also been done. These include the generation of a steady-state vortex rings [32, 33, 34],
multiple parallel ring stuctures [35], and bending-wave instability of vortex rings [36] and their
degeneration into quantum turbulence [37]. Some dynamics of vortex rings in trapped BECs have
been explored, such as their oscillatory motion resulting in self-annihilation [38], and collisions of
vortex rings and solitons in cylindrical BECs [39].
Collisions between numerous vortex rings in an infinitely-large BEC (requiring no external potential) is of main interest in this project. A previous study of such collisions was performed in
Ref. [40], but for only a few configurations, and without quantitative analysis. An extensive dynamical study was not done most likely due to the large computational cost of the three-dimensional
simulations at the time (typically hours long). The techniques developed and utilized in the proposed project will eliminate that obstacle and allow for a more thorough study of a multitude of
collision scenarios.
Bright vortex rings in attractive BECs are also possible to realize, in which case the vortex ring
resembles a smoke-ring in that it has a well-defined radius of greatest density which trails off to
zero. However, as the analogous two-dimensional bright vortices are unstable and collapse, these
bright vortex rings will also undergo such collapse (this has been numerically verified by the PI). As
such, its study is not as relevant as the dark vortex rings for repulsive BECs, but for completeness
the proposed project will briefly explore even these bright rings (which, in an extension to the
cubic-quintic NLSE may be stable for some parameter ranges).

3

Specific Mathematical and Computational Proposal Aims

We now detail what the funding of the present proposal should enable us to achieve:
(1) The project will mathematically describe the structure and dynamics of vortex rings in the
three-dimensional NLSE, including deriving asymptotic analytical approximations of the vortex
ring structure.
(2) To produce explicit high-order compact finite difference schemes to integrate the NLSE in one-,
two- and three-dimensional settings implementing new boundary conditions suited well for the case
of constant density backgrounds.
(3) Implement the formulated numerical schemes into codes written in C which run on NVIDIA
GPUs using the CUDA API in order to greatly speed up computations at low cost.
(4) Integrate the CUDA codes with MATLAB to allow ease of use for future researchers as well
as allow accessible reproducibility of numerical results. MATLAB driver scripts incorporating
visualizations, optimizations, and analysis will also be included. A code package will be made
available online on a dedicated webpage, complete with straightforward setup guides and installation
files.
(5) A major goal and main motivation of the project will be to use the aforementioned code to
conduct a thorough study of the dynamics of vortex rings in the NLSE. This will include single
4

ring structures and their dynamics, and multi-ring interactions including collisions and flybys.

4

Detailed Analysis: Proposed Studies and Preliminary Results

The following is a detailed account of the current status and future work in the proposed study:

4.1

Review of Solitons and Vortices in the NLSE

The three-dimensional vortex rings are a topological extension of two-dimensional vortices whose
radial profiles resemble one-dimensional dark solitons. A co-moving dark soliton solution to the
NLSE is given by
"r
#
r
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Ω
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(2)
Ψ(x, t) =
tanh
(x − c t) exp i
x+ Ω−
s
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where c is the co-moving velocity and Ω is the frequency. Due to the similarities of lower-dimensional
structures to vortex rings, a compilation of prior results is being developed as a resource to describe
the vortex rings mathematically as much as possible.
The review covers the most basic properties and dynamics (including stability) of solitons and
vortices in one- and two-dimensional settings gleaned from various sources. Because vortex rings
are direct extensions of dark vortices, they are of special interest. This is because the dynamics
of vortex rings can be compared and related to the dynamics of multiple dark vortices in two
dimensions since an axisymmetric cut of a vortex ring is qualitatively equivalent to two opposite
charge vortices separated by a distance twice the vortex ring radius.
The general form of two-dimensional vortices is Ψ(r, θ, t) = f (r)exp(i (m θ + Ω t)), where m is
the charge of the vortex. Inserting this form into the NLSE yields the time-independent PDE




a m2
1 df
d2 f
− Ω+ 2
f (r) + a
+ 2 + s f 3 (r) = 0.
(3)
r
r dr
dr
One of the more general and useful results of our previous study on bright vortices was the
analytic approximation to the vortex structure which was asymptotically exact for large charge.
A similar profile result has been found in the dark vortex case [7] by an asymptotic analysis of
Eq. (3), yielding the radial profile
!
r
Ω a m2
f (r > 0) ≈ Re
+
.
(4)
s
s r2
These profiles are very useful as initial ansatze to nonlinear optimization routines, in order to get
numerically exact solutions. In Fig. 3, a dark soliton in the one-dimensional NLSE is shown, along
with several two-dimensional dark vortex profiles and an example of a dark vortex.

4.2

Mathematical Structure of Vortex Rings

As mentioned in the previous section, it was possible to derive asymptotic analytic structures for
vortices in two dimensions. We would like to extend that to the vortex rings as well. Although the
vortex rings do not have the symmetry necessary to reduce to a one-dimensional profile, in the limit
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Figure 3: From left to right: a) One-dimensional co-moving dark soliton solution to the NLSE given
by Eq. (2). b) Two-dimensional dark vortex profiles of frequency Ω = −1 and charges m = 1–5.
c) Dark vortex profiles for charge m = 3 and frequencies Ω ∈ [−0.05, −1.2]. d) A charge m = 3,
frequency Ω = −1 dark vortex showing the density (|Ψ|2 ) in gray, Re(Ψ) in blue mesh, and Im(Ψ)
in red mesh.
as the vortex ring radius d gets large, the vortex ring cross-section becomes nearly symmetric about
its polar axis. As such, asymptotic profiles may be able to be derived that can assist optimization
routines converge to the desired solution.
Unlike the two-dimensional vortices, vortex rings have an inherent velocity perpendicular to
their axis of rotational symmetry due to Helmholtz’s vortex law [41]. Thus, vortex rings in a
constant-density background do not have a steady-state solution, but rather a co-moving steadystate solution. It can be shown that a steady-state solution to the NLSE co-moving in the z-direction
with velocity c has the form [42]
Ψ(x, y, z, t) = eiρ(z,t) U (x, y, Z),
where



c
c2
ρ(z, t) =
z+ Ω−
t + φ,
2a
4a

and φ is an arbitrary phase shift, Ω < 0 is the frequency, Z = z − c t, and U (x, y, Z) solves the
time-independent PDE
−Ω U + a∇2 U + s|U |2 U = 0.
We can thus write a ‘steady-state’ vortex ring solution (with an added back-flow) in cylindrical
coordinates as
h 
c i
Ψ(r, z, θ, t) = g(r, z) exp i Ω t + m φ(r, z; d) −
z ,
(5)
2a
where m is the charge of the vortex ring, d is the radius of the ring, and φ(r, z; d) = arctan(z/(r−d)).
When Eq. (5) is inserted into the NLSE, one gets the time-independent PDE




c2
a m2
mc
1
− Ω+
+ 2 − (r − d) 2 g + a
gr + grr + gzz + s |g|2 g+
(6)
4a
ρ
ρ
r



2am
1
g
− i c gz = 0,
i 2 (r − d) gz − z gr −
ρ
2r
where ρ2 (r, z; d) = (r − d)2 + z 2 . We plan to use numerical optimization routines to find steadystate solutions to Eq. (6) in order to get numerically-exact solutions for the initial condition of a
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co-moving vortex ring. One difficulty is that one must know the velocity to get the correct comoving solution. Fortunately, the velocity is known analytically (up to two asymptotic terms) as
described in Ref. [21]. In the general parameters of Eq. (1) the velocity is
"
!
#
r
am
−Ω
ln 8 d
− 0.615 .
(7)
c≈−
d
a
Preliminary simulations of the vortex rings show that this velocity is extremely accurate, and thus
can be used to obtain the numerically-exact vortex rings.

4.3

High Order Compact Numerical Schemes

The proposed study of vortex ring dynamics will require many three-dimensional simulations with
fairly large resolution. In order to reduce the grid size required, we want to use higher-order
numerical schemes. Such schemes allow one to simulate a solution with the same accuracy as a
second-order scheme, but with many fewer grid points. In fact, typically, when using higher order
schemes, the grid size requirement becomes dependent on being able to resolve the structure of the
solution, and not on the accuracy involved in the computation.
Higher-order finite difference schemes are typically achieved by computing a wider stencil, that
is, using more points away from the computed point to calculate the derivatives. This adds a
difficulty near the boundary, as one must be able to calculate the inner point near the boundary with
the same accuracy as the internal scheme. If this is not done, the entire simulation will eventually
become lower-order. Implementing the boundaries to the desired order can be complicated to
implement. Another disadvantage of wide-stencils is that they cause many parallel implementations
to be more difficult to realize, as different compute nodes must share or transfer more boundary
values to their neighboring nodes [43]. Besides the added complexity of the codes, the extra
communication/global-memory-access slows down the parallel performance.
For the aforementioned reasons, many code developers have showed great interest in high-order
compact (HOC) schemes. These are finite-difference schemes which exhibit higher order accuracy
but still only rely on the neighboring points to compute spatial derivatives. HOC schemes have
been developed for various steady-state equations [44]–[47], as well as time-dependent PDEs [48, 49]
including the NLSE [50]–[53]. The time-dependent HOC schemes developed so far are all implicit
(even if the time-stepping is done with an otherwise explicit scheme), requiring solving a large linear
system each time step, as well as iterative processes (when simulating nonlinear PDEs such as the
NLSE). Implicit schemes in general are very difficult to optimally parallelize, and we therefore want
to develop HOC schemes that are fully explicit.
In order to use a HOC scheme and still keep the overall scheme explicit, we formulate a two-step
procedure in computing the spatial derivatives, where each individual step is a compact computation. This two-step HOC (2SHOC) scheme is then combined with fourth-order Runga-Kutta
(RK4) time-stepping. The first step of the 2SHOC scheme computes the standard second-order
finite difference approximation to the derivatives of the Laplacian, while the second step uses these
precomputed derivatives to compactly approximate the fourth-derivative truncation term in the
second-order finite difference of the Laplacian. An example of the 2SHOC scheme in two dimen-
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sions is given by

1)

Di,j

1
= 2
h

1

1
-4
1

1 Ψi,j
(8)

2)

∇2 Ψi,j ≈ −

1
12

1

1
-12
1

1 Di,j +

1
6h2

1

1
-4

1

Ψi,j ,
1

where h is the step size of the spatial grid.
The formulation of the 2SHOC scheme Laplacian operator has been worked out in one-, two-,
and three-dimensional settings, and tested successfully for fourth-order spatial accuracy. In multidimensional settings, there are two formulations of the scheme, one which uses more memory space
but requires less computations, and another that uses more computations, but requires less memory
space. A computational and memory analysis comparing the two 2SHOC schemes to each other,
as well as comparing them with the standard fourth-order wide-stencils has been done analytically,
but further work is planned in order to confirm the results numerically.
A disadvantage of using explicit schemes is that they are typically conditionally stable, meaning
that the time step size is bounded by the spatial step, whereas implicit schemes are typically
unconditionally stable [54]. Due to the conditional stability, in order to get the best performance of
the 2SHOC scheme, the stability bounds should be known to avoid taking unnecessarily small time
steps. Linear stability bounds are straightforward to obtain [55], but the effects of the nonlinear
terms in the NLSE are not trivial and need to be explored. Some of the nonlinear stability results in
one-dimension have been realized, but more work is needed to be able to have stability bounds for
various boundary conditions and for the two and three-dimensional schemes. The compiled results
of the stability analysis will be formulated into a write-up to be distributed online as a resource for
those using the method.
The formulation of the 2SHOC schemes, and their use in simulating the NLSE is currently being
compiled into a paper to be submitted to the journal of Applied Mathematics and Computation
[2].

4.4

Modulus-Squared Dirichlet Boundary Condition

In almost all numerical simulations, proper handling of boundary conditions (BCs) can be quite
challenging. Sometimes an otherwise stable scheme will become unstable depending on how BCs
are computed. In addition, high-order schemes can degrade in accuracy to lower-order when using
lower-order BCs.
Most often, researchers will use tried-and-true boundary conditions which are very simple yet
provide desirable results. One of the most common is the use of Dirichlet boundary conditions.
This is where one sets the boundary of the simulation to a constant value at each time step. In
may applications, this value is set to zero, as many solutions of interest have decaying tails which
rapidly tend towards zero. In NLSE simulations of BECs, the external potential term makes all
BECs tail off towards zero at the boundaries, in which case Dirichlet BCs can be used.
As mentioned in Sec. 2, in the proposed study, we will mainly focus on simulating the NLSE
without an external potential, in which case our domain is an infinite constant density background.
8

Since the density is defined by the modulus-squared of the wavefunction, standard Dirichlet conditions cannot be used since the real and imaginary parts of the wavefunction oscillate constantly due
to the intrinsic frequency of the system and the dynamics of the solutions. To avoid this problem, we
have developed a new Modulus-Squared Dirichlet (MSD) BC which simulates a constant-density
at the boundaries. The BC is derived by assuming the modulus-square of the wavefunction is
constant-valued at the boundary, separating the real and imaginary parts of the wavefunction, taking time-derivatives of the resulting equation, and then solving for a general solution of the resulting
coupled differential equation along with taking one-sided spatial differences. The resulting MSD
BC is described as:


∂Ψ
ΨB
∂Ψ
≈
,
(9)
∂t B
ΨB−1
∂t B−1
where the subscripts B and B − 1 refer to the boundary point and the interior point normal to the
boundary respectively.
The MSD BC relies only on the nearest interior point normal to its surface, making the MSD
quasi-compact (it is not truly compact because the interior point’s time-derivative must be calculated first, which will often rely on other interior points). It can also be used in multidimensional
settings with ease, and also can be used for any time-dependent complex PDE.
The MSD BC has been implemented in all our codes, and tests are underway to see how it
compares to alternative BCs in terms of accuracy, stability, and conserved quantities (such as mass
and energy). We also plan to test the MSD in higher-dimensional settings with vortex solutions to
see how the MSD BC handles the phase and vorticity of the solutions near and at the boundary
versus other easy-to-implement BCs. Preliminary results show that for solutions which become flat
near the boundaries, using a zero-Laplacian BC is slightly more accurate and conserves quantities
better than the MSD, but for other solutions, the MSD seems to be the only simple-to-use BC that
is stable, proving its robustness. See Fig. 4 for an example of such a scenario.
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Figure 4: From left to right: a) Initial condition of a one-dimensional co-moving dark soliton given
by Eq. (2). b) Snapshot of simulation at time t = 50 using the MSD BC. c) Snapshot of simulation
at time t = 50 using a ∇2 Ψ = 0 BC. d) Snapshot of simulation at time t = 6.5 (when simulation
crashed) using a one-sided differencing BC.
The derivation of the MSD BC and results obtained from the numerical tests will be included
in a paper to be submitted to the journal of Applied Mathematics and Computation [3].

4.5

Multi-Dimensional GPU-Accelerated NLSE Integrators

Although using higher order numerical schemes can make running large simulations more efficient,
for the proposed project this is not enough. In order for the project to be completed in the
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allotted time, further methods of improving code performance must be used. The most common
way to decrease computation time is to develop codes which run on parallel systems consisting of
multiple CPUs using MPI and/or OpenMP. However, a relatively new form of parallel computing
has emerged as a low-cost and efficient means to speed up codes. Graphical processing units (GPUs)
were first developed in order to allow graphics cards to parallelize their massive computations to
speed up video games and image processing. It was then realized that such hardware could be
adapted to run scientific codes as well. This led to the development of code APIs which allows one to
write code which takes advantage of the GPU hardware. Nvidia cooperation is the leading company
in this new form of computing, developing the compute unified device architecture (CUDA) API
which can be compiled to run scientific codes on Nvidia’s line of GPU video cards, as well as
non-video stand-alone GPUs designed specifically for parallel computation.
For many problems, GPU computing is seen as a large improvement over previous parallel
techniques. A typical GPU (as of this writing) can have up to 512 processing cores and up to 6GB
of RAM, which allows a maximum throughput of over a Tera-FLOP on a single card. The price of
the GPUs is another major factor, as one (as of this writing) can purchase an off-the-shelve GPU
with over 400 cores, and 1-2GB of RAM for under $450. This allows super-computing capabilities
to be realized on a single desktop PC.
A concern that has arisen in the use of GPU computing is the issue of portability. If one writes
code using CUDA, that code will only run on Nvidia brand GPUs. In response to this potential
problem, an API called OpenCL was created which can be run on multiple brands of GPUs, as
well as on standard CPU clusters. The OpenCL API is much more abstract in structure to allow
it to be compatible with many systems and therefore more portable. However, using OpenCL on
Nvidia GPUs decreases performance when compared to using CUDA [57]. We therefore use CUDA
in our codes and note that the native CUDA C code is similar enough in structure, that porting a
CUDA code to OpenCL would not be too difficult if future developments required it.
The proposed project will include utilizing GPU computing to increase the speed of the implementation of our numerical schemes into NLSE integrator codes. As previously mentioned, since
the numerical methods are compact, the parallel implementation is easier to write than wide-stencil
schemes. The codes developed are written in CUDA’s native C language, and non-CUDA equivalent codes in C are also produced for speed comparisons. Standard second-order central-difference
codes are also included. CUDA implementations of finite difference schemes for various equations
have been tested with good results [58]–[61]. However, high-order finite difference schemes were
not produced, nor have CUDA codes been written specifically for the NLSE.
As mentioned in Sec. 1, in our previous work, we successfully produced a one-dimensional
NLSE integrator using CUDA and tested its performance. Maximum speedups of over 60 times
were achieved. Since this time, the development of two and three-dimensional codes has been
underway. Also, a brand new family of CUDA GPU card architecture (Fermi) with an impressive
set of improvements [56] has been released and our codes have been altered to take advantage of
the new developments.
The codes have been tested successfully for consistency, and a thorough study of their speedups
is planned. Preliminary results show that for a typical three-dimensional simulation of vortex
rings in the NLSE, speedups of over a factor of 16 have been observed when compared to new
dual-thread CPUs (the speedup compared to older CPUs is over 32). New tests of one and twodimensional simulations are planned, as these have not yet been tested on the new Fermi GPUs.
Before running the final speedup results, we plan to further optimize the codes in order to try to
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get the best possible efficiency for use with our simulations. Fig. 5 shows timing results of the
three-dimensional CUDA codes compared to a CPU.

Figure 5: Timing results for a three-dimensional NLSE simulation over 6370 time steps using both
single and double precision. N is the dimension of the grid (N ×N ×N ). In this test a best speedup
of around 9 is observed.
A cost-analysis is also planned, studying the price versus speedup of the GPU codes versus
other parallel implementations. This is important as writing code for GPUs requires a non-trivial
learning-curve and is different from other parallel code APIs. This means that older codes cannot
necessarily be converted into GPU codes but may need to be re-written from scratch. Therefore, a
cost-analysis is vital for researchers to make decisions on whether to use GPU acceleration or not.

4.6

MATLAB Code Implementation

MATLAB is a mathematical computational software program created by MathWorks Inc. It has
become a standard in many academic institutions as well as in industry for mathematical computations. However, there is a prevalent opinion that while MATLAB may be useful for course
work, small-scale codes, and learning purposes, for serious calculations it is simply too slow to be
useful. In the proposed project we will show that this is not the case, and as such, one can take
advantage of all the benefits and ease of using MATLAB while still running large efficient codes.
This makes numerical studies much more efficient as visualizations, formation of initial conditions,
optimizations, and analysis of data become much easier to implement.
The way to achieve efficient large-scale codes in MATLAB is to write custom C codes which
connect to MATLAB through an interface compiler called MEX. Once the C codes have been
written to be MEX-compatible and compiled, they can be called from a MATLAB script directly.
The codes run as fast as an equivalent stand-alone C code, with minimal overhead, and are up to
10 times faster than the equivalent script codes.
Since the native language for GPU-compatible CUDA codes is C, adding GPU functionality to
MATLAB is in theory straightforward (however setup can be difficult, an issue discussed below).
The newest versions of MATLAB have GPU-compatibility built-in, and ways to compile CUDA
C code segments into callable functions. However, because many researchers do not have the
newest versions of MATLAB, in the interest of portability, it is preferable to not use these built-in
functions, but rather write C codes which contain CUDA code directly, and compile them with a
CUDA-capable MEX compiler called NVMEX. Further portability is maintained in this manner
by noting that besides the initial MEX interface in the C codes (which gives the code access to
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the MATLAB input parameters and data), the codes are written in generic C and CUDA C code,
which can easily be exported to a purely C code if desired.
The proposed project will include the development and distribution (on a dedicated web site)
of our completed CUDA MEX codes including MATLAB script files which call the CUDA-enabled
integrators for the NLSE in one, two, and three dimensions. The script files will have built-in
visualizations and analysis tools. All codes will be thoroughly commented and organized for ease of
use. Due to the fact that setting up CUDA-MEX files and compiling them can be tricky (especially
on Windows systems), we will also provide simple-to-follow set-up guides and installation files
along with the codes. In addition, we will provide a large variety of pre-compiled binaries for those
who do not want to take the time to compile the codes directly. The code package will be named
NLSEmagic (NLSE Multidimentional MAtlab-based GPU-accelerated Integrators using Compact
high-order numerical schemes) and distributed on http://www.nlsemagic.com. A preview image
of the website is shown in Fig. 6.

Figure 6: Preview of the website for distributing the NLSE codes.
Currently, many of the codes are completed, with large script driver codes which can reproduce
our research results (including order tests for the 2SHOC scheme, boundary-condition test, and
CUDA timings). The scripts use other freely available script files for visuals (vis3D, quiver2) and
optimizations (nsoli). Our scripts are quite large, and therefore we plan to create a streamlined
version of the files with basic functionality for inclusion in the NLSEmagic package. The full
research script codes will also be provided as a means of ensuring reproducibility in the results of
the research (a topic of much interest in the computational science community [63]).

4.7

Single Vortex Ring Structure and Dynamics

Most previous studies of vortex rings in BECs use steady-state solutions where the rings are held
stationary by the external potential. These vortex rings can be numerically found by running an
approximate guess for the vortex ring in imaginary time integration [33] to converge to the steadystate solution. However, in the current study, we wish to use co-moving vortex rings in an infinite
density background. Previous studies [40] in this setting have used approximate vortex rings, and
due to their stability properties, allowed the discrepancies in the structure to be shed off as noise
in the simulations. This noise was considered small enough not to adversely effect the dynamics in
a major way.
In order to more carefully study the dynamics of vortex ring collisions, we wish to limit the noise
from the solutions as much as possible. We therefore seek numerically-exact co-moving vortex rings
solutions. Our plan is to seed an approximate axisymmetric cut of a vortex ring into Eq. (6) [where
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the velocity c is computed from Eq. (7)] and use numerical optimization routines [62] to converge
to the numerically-exact solution. As this will necessitate full two-dimensional optimizations, we
will seek the most efficient routines, especially ones which do not require the formation of the full
Jacobian matrix (which can often be too memory intensive).
To obtain the approximate axisymmetric cut of a vortex ring, we will use a numerically-exact
two-dimensional dark vortex. This is achieved by seeding the approximate profile of Eq. (4) into
the radial time-independent PDE of Eq. (3) and using a one-dimensional numerical optimization
routine to find the numerically exact solution.
Once the numerically exact vortex rings are found, we plan to run a series of simulations tracking
their radius and velocity numerically, and compare the results to the analytic predictions. Also,
noting that an axisymmetric cut of a moving vortex ring looks qualitatively equivalent to two twodimensional vortices of opposite charge moving in parallel (due to their vorticity), we will compare
the velocity versus radii of the vortex rings to the two-dimensional equivalent scenario. Preliminary
results show that the vortex ring velocity is faster than the two-dimensional vortices by a factor of
about four.
Further single ring simulations will perturb the rings in specific ways to induce quadrupole
oscillations and track their frequencies. This will be accomplished by fitting (using a least-squares
approach) to the magnitude of the vorticity of the vortex ring, a three-dimensional function describing a one-dimensional ring with a tailing Gaussian density profile with various parameters.
Fig. 7 shows a vortex ring and some snapshots of a vortex ring undergoing quadrupole oscillations.

(a)

(b)

(c)

(d)

Figure 7: From left to right: a) Volumetric rendering of the density of a vortex ring of radius
d = 7 in the NLSE. b) Two-dimensional cut in the x–z plane of the density of the vortex ring. c)
Two-dimensional cut in the x–z plane of the phase of the vortex ring. d) Example of quadrupole
oscillations of a vortex ring.
Finally, vortex rings with larger than unitary charge will be explored. Preliminary results show
that the rings break up into multiple rings of unitary charge very quickly, leading to interesting
multi-ring interactions.

4.8

Multiple Vortex Ring Interactions

The most interesting dynamics of vortex rings occur when numerous rings interact. The proposed
project seeks to study numerous collisions and interaction scenarios. Other researchers have done
an initial study of some two-ring collisions [40]. We seek to greatly expand on those results using
numerically-exact vortex rings, and many more interaction configurations. We split our study into
collisions/interactions in axisymmetric and non-axisymmetric settings.
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Axisymmetric configurations to be explored include two opposite charge vortex rings in direct
collisions which then annihilate (as seen in Ref. [40]), as well as when two rings of opposite charge
but different radii collide. Equal charge vortex ring interactions will also be studied, which in
preliminary simulations show the rings in a loop-the-loop pattern traveling at an approximately
constant velocity with one ring shrinking in radius and passing through the other ring, and then
the radius increasing, while the other vortex ring’s radius shrinks and passes through the first ring
and so on. This pattern repeats itself as the pair of rings travels in the z-direction. We will study
the long-term stability of this scenario as well as how the scenario changes with different vortex
radii. Another axisymmetric configuration we plan to study is that of multiple stacked vortex rings
of equal or opposite charge with various radii.
In all axisymmetric configurations studied, we plan to compare the vortex ring dynamics along
an axisymmetric cut to the qualitatively equivalent multi-vortex setup in the two-dimensional
NLSE. We would also like to compare the dynamics to the two-dimensional ordinary differential
equations shown in Ref. [5] (which simulate vortex dynamics by treating the vortices as point
sources), with the possibility of modifying them to accurately describe the three-dimensional axisymmetric vortex ring dynamics.
Numerous non-axisymmetric configurations are to be studied as well. One such scenario is when
there are two opposite charge vortex rings approaching each other at an off-set to each other along
the x or y direction. Depending on the amount they are off-center, one can see the rings merge,
and then re-separate forming two new vortex rings traveling at an angle form the initial approach
direction. The new rings have a quadrupole perturbation and exhibit breathing oscillations. We
plan to track the deflection angle of the recombined rings and compare the angles to the off-set
distance. In addition, we plan to vary the relative radii of the vortex rings and compare results.
For the offset simulations, comparison to two-dimensional vortex dynamics can still be done as
a two-dimensional cut along the off-set direction of the vortex rings looks qualitatively similar to
four two-dimensional vortices (two of each charge) interacting. An example of an offset collision
between two vortex rings is shown in Fig. 8.

Figure 8: Example of off-set collision between two opposite unitary charge vortex rings.
Another non-axisymmetric configuration to be studied is two equal charge vortex rings sideby-side at different separation off-sets. These configurations yield interesting dynamics depending
on the distance of the vortex rings. The rings start to rotate inward at an angle, which in turn
causes them to travel towards each other until they merge. Then, it is predicted that depending
on the distance, ring size, etc. the rings will either rotate together and detach, to be recombined
in a flowing pattern, or the rings will stay merged and exhibit quadrupole oscillations. Additional
variations include off-setting the rings in the z-axis as well, leading to further interesting dynamics
to be explored.
As an extension to the previous configuration, we also study flowering patterns formed with a
number of vortex rings of equal charge oriented in the x-y plane in cyclic-symmetric groups. For
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example, arranging four vortex rings equally spaced from the origin in all four planar directions
results in the rings combining and forming a small vortex ring with opposite charge (which shoots
back on the opposite z-direction) and another large ring exhibiting oscillations. A similar configuration, but with an added fifth vortex ring in the center, yields an oscillating structure exhibiting
a combining-detaching-recombining pattern of all rings.
Further configurations to be studied are vortex rings in chain-linked initial conditions at 90degree orientation of each other (two rings in a similar scenario were studied in Ref. [40]). We will
study large chain groups and chain rings consisting of multiple vortex rings linked into one large
chain-ring. Also, overlapped vortex ring initial conditions will be studied. Preliminary simulations
of two such rings has been done, showing the overlap portion of the rings become a new vortex ring
of small radii, in which case has a larger velocity in the z-direction, and shoots past the leftover
larger ring. Multiple overlapped vortex rings in a circular chain will also be simulated.
We expect that as the study progresses, additional interesting scenarios will present themselves
and will be studied as well.

5

Overall Planning and Impact of Research Program

The proposed research plan is to be closely coordinated with Professor Ricardo Carretero, and is to
take the expected duration of one year. The work will be mostly performed at the San Diego State
University campus in the Computational Science Research Center Laboratory utilizing a high-end
off-the-shelf GPU (Geforce GTX580) installed in a Windows 7 (Corei3) PC (both purchased with
support from NSF-DMS-0806762). Previous work done at CGU is also implemented into the
project, specifically the initial 3D MATLAB codes written under the advisement of the late Prof.
Hedley Morris.
The following impacts of the study are relevant: 1) Thorough study of vortex ring dynamics
in the NLSE will increase knowledge of the solutions and help understand more complicated and
applied cases, most notably in BECs. 2) The numerical schemes formulated, including the MSD
boundary condition, will help future researchers in their simulations of other systems governed by
time-dependent complex PDEs. 3) Code packages including GPU-enabled routines provide other
researchers interested in the NLSE with very valuable tools for three-dimensional simulations, which
can be easily modified for specific applications (for example, simulating two-component BECs,
altering the nonlinearity to be saturable for studies in nonlinear optics, etc). The codes also provide
an excellent example in reproducibility of research, a topic of great interest to the computational
science community. 4) The program is highly multidisciplinary, relying on knowledge and skills
from physics, applied mathematics, numerical analysis, and computer science, making it a model
project for the emerging field of computational science.
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